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references. II. Stabilization
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We show theoretically that the absolute frequency stability of a solid-state millimeter-scale whispering gallery
mode resonator can reach one part per 10−14 per 1 s integration time if proper crystalline material as well as
proper stabilization technique is selected. Both the fluctuations of the resonator temperature and the fluctua-
tions of the temperature in the mode volume can be measured with the sensitivity better than the fundamental
thermodynamic limit and actively compensated. © 2007 Optical Society of America
OCIS codes: 230.5750, 120.6810, 350.5340.
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. INTRODUCTION
ltrastable optical resonators play an important role in
oth classical and quantum optics [1–14], and generally
re of Fabry–Perot (FP) type. They are fabricated from
aterials having ultralow thermal expansion coefficients,

nd are both thermally and mechanically isolated to
chieve stability. The geometrical dimensions of these
ypes of resonators are typically �10 cm or larger. Lasers
ocked to such resonators demonstrate hertz and even
ubhertz linewidth, with frequency stabilities as high as
10−15 at 1 s.
A new class of ultra-high-Q optical whispering gallery
ode (WGM) resonators (see [15–22] for review) is more

ttractive than FP resonators if compactness or miniatur-
zation matters. Fabrication and handling of the WGM
esonators, even crystalline ones, is relatively simple
23,24], and efficient coupling techniques with prisms
25,26], side-polished fiber couplers [27], fiber tapers
28,29], and angle-polished fiber tips [30] have been dem-
nstrated. The spectra of WGMs can be modified by
hanging the morphology of the resonators [31,32]. Non-
inear WGM resonators can be used as optical and micro-
ave oscillators. Handling such resonators is easier com-
ared with handling FP resonators containing nonlinear
aterials. Moreover, nonlinear processes are efficient in
GM resonators because of small geometrical volumes

ccupied by WGMs [33–36].
With these properties, WGM resonators are naturally

ttractive for frequency stabilization of lasers as well as
or fabrication of other kinds of frequency references. Pre-
iminary experiments with stabilization of two diode la-
ers with a fused silica microsphere have been performed
37]. The result of that work was not very impressive com-
ared with the best results of laser frequency stabiliza-
ion using FP resonators since (i) the microsphere was not
emperature stabilized, (ii) light coupling into and out of
he microsphere was not stabilized, and (iii) relative drift
0740-3224/07/122988-10/$15.00 © 2
f the laser frequency resulting from the fluctuations of
he driving currents was not stabilized.

The fundamental limits of WGM frequency stability
ere studied in our previous paper [38]. We showed that

he stability of a passively stabilized millimeter-sized
GM resonator made of a certain class of crystalline ma-

erials is determined primarily by thermorefractive fluc-
uations. Those fluctuations have been predicted and suc-
essfully observed in fused silica microspheres [39]. The
requency stability limit of a cylindrical WGM resonator
aving 100 �m in thickness and several millimeters in di-
meter is of the order of one part in 10−12 at 1 s integra-
ion time [38]. Thermorefractive fluctuations increase in-
ersely proportional to the mode volume, and the
redicted stability is limited because of small volumes of
he WGMs.

The basic message of this contribution is that a proper
election of the resonator host material is essential for the
tabilization of the WGM frequency. Photorefractive fluc-
uations can be suppressed in some materials, such as
agnesium fluoride, if a proper operation temperature is

elected. Thermal expansion fluctuations become domi-
ant in the frequency stability limit in those resonators.
his is a new result compared with the predictions made

n [38,39]. We also show here that using specific inhomo-
eneous thermal expansion properties of some crystals it
s possible to design methods of further active stabiliza-
ion of the fluctuations of the resonator frequency result-
ng from the residual thermal expansion fluctuations. The
chieved frequency stability could be better than the sta-
ility determined by the fundamental thermodynamic
imit.

In the rest of this paper we discuss methods of realizing
he desired frequency stability. We show that the simple
assive temperature stabilization is not practical because
t must sustain temperature fluctuations smaller than
ub-micro-kelvin level. To solve this problem we make use
007 Optical Society of America
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f methods similar to the technologies developed for the
tabilization of quartz crystalline radio frequency (RF) os-
illators [40]. The scheme includes (i) compensation of the
emperature drifts of the resonator by connecting it with
pecial elements having given linear or nonlinear thermal
xpansion (cf. oven-controlled crystal RF oscillator) and
ii) usage of two WGM families having different thermo-
ptical constants for measurement and compensation of
he resonator temperature fluctuations. The methods can
e very efficient. It is argued that the relative stability of
wo WGMs separated by an octave can be better than one
art per 10−14 at 1 s integration time.
This paper is organized as follows. We consider the

hermodynamic limits of frequency stability of WGM reso-
ators made of various crystalline materials and find the
elated Allan variance in Section 2. In Section 3 we de-
cribe a method of stabilization of WGM frequency that
llows suppressing both thermorefractive and thermal ex-
ansion fluctuations. In Appendixes A–C, we describe
arious technical methods of passive and active stabiliza-
ion of the resonator frequency, as was promised in the
rst paper of the series [38]. Engineering of thermal re-
ponse of the resonator is discussed in Appendix A. Vari-
us frequency stabilization schemes that are based on
onventional thermal stabilization methods are discussed
n Appendix B. In Appendix C we describe frequency sta-
ilization methods that require at least two WGMs be-
onging to different mode families, without any additional
emperature sensor.

. ENGINEERING THERMAL RESPONSE OF
HE RESONATOR: THE ROLE OF THE
OST MATERIAL

uppression of the external temperature fluctuations is
mportant for reaching the fundamental thermodynamic
imit of WGM frequency stability. One of the basic disad-
antages of WGM resonators is the large thermorefrac-
ive coefficient, as well as thermal expansion coefficient,
f the majority of transparent optical materials from
hich resonators are usually made. Because the light en-

ering a WGM resonator is always confined within the di-
lectric material, and not in vacuum, even a small tem-
erature change results in a large frequency shift of the

Table 1. Linear and Nonlinear Thermorefract
Crystalline Quartz at

Material
�n

�10−6 K−1�
�l

�10−6 K−1� n �

CaF2 −8.0 [44] 18.9 [45] 1.4261 [44] 3.
BaF2 −11.0 [45] 18.7 [45] 1.4662 [45]

MgF2�e� 0.25 [54,55] 13.0 [56] 1.38341 [57] 3.
MgF2�o� 0.6 [54,55] 9.0 [56] 1.37191 [57] 3.
Al2O2�e� 7.5 [59] 8.1 [60] 1.7384 [59] 3.
Al2O3�o� 7.4 [59] 7.3 [60] 1.7462 [59] 3.
SiO2�e� −6.8 [62] 7.6 [63] 1.5363 [64] 2.
SiO2�o� −5.2 [62] 13.9 [63] 1.5278 [64] 2.

aThe data are taken from manufacturer specifications if the reference is not provid
he specifications. The variation: reaches tens of percents. We use the following nota
efractive index, �n= �1/n���n /�T� is the thermorefractive coefficient. �l= �1/ l���l /�
−��1/V���V /�p�� is the compressibility of the resonator host material �we assume
T
GMs. This phenomenon leads, for instance, to thermal
istability in high-Q WGM resonators [23,41–43].
Let us consider the properties of several transparent
aterials (see Table 1) and find the external temperature

tabilization required for achieving thermodynamically
imited frequency stability of resonators made out of
hose materials. We consider bare resonators at this
oint.
We use the following expressions to estimate the fre-

uency stability

����TR�2�

�2 = �n
2

kBT2

CVm�
, �1�

����TE1�2�

�2 = �l
2
kBT2

CVr�
, �2�

����TE2�2�

�2 = kBT
�T

9Vr
, �3�

here ��TR, ��TE1, and ��TE2 are the frequency devia-
ions due to thermorefractive, thermal expansion, and
hermoelastic fluctuations, respectively; kB is the Boltz-
ann’s constant; T is the absolute temperature; � is the

ensity of the resonator host material; C is the specific
eat capacity; n is the refractive index; �n= �1/n���n /�T�

s the thermorefractive coefficient; �l= �1/ l���l /�T� is the
inear thermal expansion coefficient; � is the thermal con-
uctivity coefficient; �T=−��1/V���V /�p��T is the com-
ressibility of the resonator host material; and Vm and Vr
re the volumes of the mode and the resonator, respec-
ively. Physically Eqs. (1)–(3) describe square deviation of

mode frequency from the center of frequency distribu-
ions resulting from the corresponding thermodynamic
rocesses. To study the deviations given by Eqs. (1)–(3)
xperimentally one needs to measure the frequency of a
GM instantaneously, to create the statistical distribu-

ion of the measurement results, and to find the square
eviation of the frequency characterizing the distribution.
To estimate the required quality of the compensation of

he external temperature fluctuations that would allow
eaching the thermodynamic limit we set �T
�����2�1/2 / ����n+�l��. The idea is that the influence of

oefficients of the Ca, Ba, MgF2, Sapphire, and
00 K and �=1.5 �ma

C,
�106 erg/ �g K��

�
�105 erg/ �cm s K��

�T

�10−12 cm2/dyn�

] 8.54 [47,48] 9.7 [48,49] 1.1 [50]
4.56 [51] 7.1 [52] 1.5 [53]

] 9.2 [47] 30 [58] 1.0
] 9.2 [47] 21 [58] 1.0
] 7.61 [61] 25.2 0.4
] 7.61 [61] 24.1 0.4
] 7.41 11.7 [58] 2.7
] 7.41 6.5 [58] 2.7

hould note that the values vary significantly depending on the published study and/or
is the density, C is the specific heat capacity �we assume that CP=CV=C�, n is the

e linear thermal expansion coefficient, � is the thermal conductivity coefficient, �T

isothermal and adiabatic compressibilities are approximately equal�.
ive C
T¶3

�
g/cm3�

18 [46
4.83
18 [56
18 [56
98 [61
98 [61
65 [63
65 [63

ed. We s
tions: �
T� is th
that the
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he external temperature fluctuations can be relaxed if
hermorefractive effect compensates thermal expansion.
or anisotropic materials we (i) consider WGM resonators
ith symmetry axis coinciding with the crystalline axis,

ii) consider WGMs polarized along the crystalline axis
TE modes), (iii) select ordinary �l and extraordinary �n.
verall, such an estimate is valid if temperature gradi-
nts due to external temperature variations are small
ithin the resonator. The results are shown in Table 2.
It is easy to find that the external temperature stabili-

ation of the whole system should be at least on the level
f 0.1 �K at 1 s to achieve the frequency stability given by
he thermodynamic limit. The stabilization should be
ven better for materials with low thermorefractive con-
tant, such as magnesium fluoride. Realization of such a
evel of stabilization is a challenging task. We discuss pos-
ible approaches for relaxing this requirement in the fol-
owing sections.

. Thermorefractive Fluctuations
he basic source of the fundamental long-term (the inte-
ration time exceeds or is equal to 1 s) WGM frequency
nstability comes from the thermorefractive fluctuations if
ne considers calcium fluoride, sapphire, or quartz reso-
ators [38]. The spectral density of the thermorefractive

requency noise could be estimated from

S��/��	� �
kB�n

2T2

�CVm

R2

12D	1 + 
R2

D

�	�

9�3

3/2

+
1

6
R2

D

	

8
1/3
2�−1

. �4�

his equation is valid for a thin cylindrical resonator of
hickness L and radius R �R�L�, �n is the thermorefrac-
ive coefficient of the material, Vm is the volume of the

GM mode, 
=2�Rn /
 is the mode order, n is the refrac-
ive index of the material, D=� / ��C� is the temperature
iffusion coefficient, � is the thermal conductivity coeffi-
ient, and C is the specific heat capacity.

We find the Allan variance of the WGM frequency by
ntegrating the evaluated spectral density of the fluctua-
ions using the expression from [65]

�2��� =
2

�
�

0

�

S��/��	�
sin4�	�/2�

�	�/2�2 d	, �5�

here we took into account that S��/��	� is a double-sided
pectral density.

Table 2. Thermorefractive, Thermal Expansio
at Room

Material ����TR�2�1/2 /�
�TTR

(nK) ����

CaF2 2.2�10−12 80 2.
BaF2 3.3�10−12 427 2.
MgF2 6.5�10−14 7 1.
Al2O3 1.9�10−22 129 8.
SiO2 2.2�10−12 303 2.

a�T; determines the effective value of external temperature instability �quality of
We consider a calcium fluoride resonator of radius R
0.3 cm and thickness L=0.01 cm driven with 

1.55 �m light. We find 
�2�Rn /
�2.7�104 and
/
2/3�1.1�10−3. The thermal diffusivity for calcium
uoride is equal to D=3.6�10−2 cm2/s, hence character-

stic frequencies for the process are D /R2=0.4 s−1,

4/3 /R2=3.2�105 s−1, and D /L2=360 s−1. To find the

actor kB�n
2T2 /�CVm�4�10−24 we have taken �n=−0.8

10−5 K−1, and Vm=2�RL�R /
2/3�6�10−6 cm3. The
valuated Allan variance for the resonator is shown in
ig. 1.
To understand the change of the slope of the depen-

ence shown in Fig. 1 we note that the integration (aver-
ging) in Eq. (5) occurs in the vicinity of 	=0 when �

�, where spectral density [Eq. (4)] is approximately
onstant and �2����1/�. In the case of �→0 the integra-
ion in Eq. (5) occurs in a wideband centered at frequency
→�, so that S��/��	��1/	2 and �2�����. The mono-

onic function �2��� naturally has a maximum at some
pecific value of �. Increase of the Allan variance with
ime for small � is not counterintuitive because the ther-
orefractive fluctuations result in the thermal drift of the
GM frequency. The maximum value of the drift is re-

tricted and longer integration results in the averaging
own of the fluctuations.
An advantage of crystalline WGM resonators compared

ith other solid-state resonators is that the WGM resona-
ors can be made out of various materials with various
hermorefractive constants. For instance, it is important
o mention the unique properties of magnesium fluoride.
he dependence of the refractive index of the material on

emperature is shown in Fig. 2. This crystal has a vanish-

d Thermoelastic of WGM Frequency Stability
eraturea

/2 /�
�TTE1
(nK) ����TE2�2�1/2 /�

�TTE2
(nK)

13 9 2.4�10−12 89
13 34 3.4�10−12 446
13 11 2.3�10−12 246
14 6 1.6�10−12 109
13 29 3.4�10−12 481

sation of external technical temperature fluctuations� required to observe the limits.

ig. 1. (Color online) Thermorefractive Allan variance of the
requency of a mode of a cylindrical calcium fluoride WGM reso-
ator with R=0.3 cm and L=0.01 cm.
n, an
Temp

TE1�2�1
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ng extraordinary (at �74°C) and ordinary (at �176°C)
hermorefractive coefficients [45] given by slope of the
urves shown in Fig. 2. Tuning the temperature of a mag-
esium fluoride WGM resonator to the vicinity of zero
hermorefractive coefficient �n=0 allows one to suppress
he fundamental thermorefractive noise ����TR�2�1/2 /�

0. Technical thermorefractive noise is also compensated
ecause temperature stability of the order of 2 mK re-
uired to reach �ne /ne=10−14 is feasible.
The basic conclusion of this section is that the ther-
orefractive noise does not limit the stability of WGM

esonators made out of certain materials even with mod-
rate temperature stabilization and no sophisticated com-
ensation. However, the other noise sources have to be
ealt with to reach higher stability.

. Fluctuations Due to Thermal Expansion
e have neglected the fluctuations of the WGM frequency

esulting from the thermal expansion of the resonator in
ur previous paper [38] arguing that the fluctuations are
enerally much smaller than the thermorefractive ones.
owever, in the case of vanishing thermorefractive fluc-

uations we have to take the thermal expansion into ac-
ount.

Let us first consider the fundamental fluctuations.
hermodynamic temperature fluctuations of the resona-
or result in the modification of the resonator radius and
hickness leading to WGM frequency noise. To estimate
his noise we assume that the basic contribution comes
rom the lowest-order eigenfunction of the thermal diffu-
ion equation. Using the reasoning of [38] for the noise
pectral density we derive

S��/� =
����TE1�2�

�2

2R2/�2D

1 + �	R2/D�2�2 . �6�

his expression basically tells us that the frequency de-
endence of the spectral density is determined by the
lowest thermal diffusion time associated with the ther-
al diffusion along the radius of the resonator. Using Eq.

5) we calculate the Allan variance of the frequency of the
GM resulting from the fundamental thermal expansion

uctuations of a z-cut magnesium fluoride resonator of ra-

ig. 2. (Color online) Temperature dependence of the thermore-
ractive deviation of the ordinary �n0=�n+1.37191� and extraor-
inary �ne=�n+1.38341� indexes of refraction of magnesium
uoride at 1.55 �m. The dependencies are obtained using expres-
ions �ne /�T��0.04183−5.63233�10−4T��10−5 and �no /�T
�0.09797−5.57293�10−4T��10−5 found from measurement

ata [54].
ius R=0.3 cm and thickness L=0.01 cm (Fig. 3). The
hermal diffusivity for magnesium fluoride is equal to D
7.2�10−2 cm2/s and the characteristic frequency for the
rocess is D /R2=0.8 s−1. Equation (6) gives the top
oundary of the low-frequency spectral density.
In reality, the resonator can be placed on a metal plate

ossessing a high thermal conductivity, so eventually the
ime constant R2 /�2D should be replaced with L2 /�2D;
his would reduce the value of the low-frequency spectral
ensity significantly. For example, the thermal diffusivity
f aluminum is D=0.97 cm2/s at 300 K. Copper has a bit
igger value: D=1.15 cm2/s at 300 K. Placing the resona-
or on a polished copper plate (or squeezing the resonator
etween two copper plates) would result in more than an
rder of magnitude reduction of phase noise at zero fre-
uency leading to a reduction of the corresponding Allan
ariance below one part per 10−14 at 1 s integration time.
t is important to note that placing a resonator onto a cop-
er plate will reduce the quality factor of the mechanical
odes of the resonator. This reduction will lead to en-
ancement of the influence of thermoelastic fluctuations
n the frequency stability.

We find the solution to the problem in the optimal
haping of the resonator allowing to increase the resona-
or volume without changing the characteristic time con-
tant of the process. The resonator should have a nearly
pherical shape or the shape of a cylinder with equal ra-
ius and height. The light should travel in a small protru-
ion [31] that does not influence the thermal and me-
hanical modes of the resonator. For instance, a nearly
pherical single mode magnesium fluoride WGM resona-
or of radius R=0.3 cm will have an Allan variance less
han one part per 10−14 at 1 s integration time. This im-
rovement will not increase the thermoelastic fluctua-
ions.

. Thermoelastic Fluctuations
lmost all the related values in Table 2 look comparable.
owever, the thermoelastic part ��TE2 comes from the
echanical oscillations of the resonator. Those oscilla-

ions have high frequencies and do not significantly
odify the Allan variance of the WGM frequency for 1 s

nd longer integration times. The thermodynamically
imited Allan variance for the frequency of a WGM of a

agnesium fluoride resonator is shown in Fig. 4. We ex-
ect that the technical thermoelastic fluctuations are not
n issue either; given its small size it is relatively easy to
solate the resonator from external mechanical influences.

ig. 3. (Color online) Power spectral density and Allan variance
f the thermal expansion defined frequency fluctuations of a
ode of a cylindrical magnesium fluoride WGM resonator with
=0.3 cm and L=0.01 cm.
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. TRIPLE-MODE FREQUENCY
TABILIZATION
e have shown that it is fundamentally possible to reach

igh-frequency stability of WGMs properly selecting the
perating conditions along with the host material as well
s the morphology of the resonators. We discuss technical
ssues of frequency stabilization of such resonators in Ap-
endixes A–C. The only stabilization method we would
ike to highlight in the main part of the paper is a “triple-

ode” technique. This technique is purely photonic and it
nables stabilization of the WGM frequency better than
he fundamental thermodynamic limit.

We propose to use three WGMs to suppress both ther-
orefractive and thermal expansion noise. Let us con-

ider a spherical magnesium fluoride resonator with crys-
alline axis corresponding to the Z axis of a coordinate
rame. The resonator is kept at 176°C where modes po-
arized perpendicularly to the Z axis have a negligible
hermorefractive effect. We propose to excite TM mode in
he XY plane and TE mode in the XZ plane. Both these
odes have identical vanishing thermorefraction. A com-

arison of the frequency difference between these modes
�RF+��̃RF2� with the frequency of RF clocks gives aver-
ged resonator temperature because

��̃RF2 � ���lo − �le��TR, �7�

here ��̃RF2 is the variation of the frequency difference
etween two modes determined by the temperature fluc-
uations of the resonator, � is the optical frequency, and
lo ��le� is the thermal expansion coefficient for X and Y

Z� directions. The third mode, TE, is excited in the XY
lane. The frequency difference between this mode and
he TM mode in the same plane contains information
bout the temperature in the WGM channel [Eq. (C1)].
oth modes are influenced by the thermal expansion in

he same way. Using results of the temperature measure-
ents one creates a proper feedback and/or compensation

cheme (see Appendixes A–C) that results in suppression
f both thermorefractive and thermal expansion fluctua-
ions for the TM mode family in the XY plane. The rela-
ive stability of those modes is determined by expression

��TM

�
�

�lo

�lo − �le

��̃RF2

�
. �8�

t is possible to achieve �� � �̃ if � �� .

ig. 4. (Color online) Allan variance of the thermoelastic fre-
uency fluctuations of a mode of a cylindrical magnesium fluo-
ide WGM resonator with R=0.3 cm and L=0.01 cm.
TM RF2 lo le
It is also possible to measure the resonator tempera-
ure with sensitivity better than the fundamental thermo-
ynamic limit. The measurement sensitivity is limited by
alue ��̃RF2/ ����lo−�le��, which can be very small if
�̃RF2 is small enough. Hence, the triple-mode technique
esults in a possibility of compensation of the thermody-
amic noises better than the fundamental thermody-
amic limit. There is nothing special in the suppression of
he fundamental thermorefractive frequency fluctuations
f an optical mode if one manages to lock this mode to an
ltrastable optical frequency reference. The advantage of
he proposed technique is in the possibility to stabilize op-
ical frequency beyond the thermodynamic limit using a
F reference. This feature will result in creation of stable
V as well as FIR lasers using crystalline WGM resona-

ors.

. CONCLUSION
he importance of a proper selection of the WGM resona-

or host material for achieving high-frequency stability is
lucidated. Various frequency stabilization techniques ap-
licable to whispering gallery mode resonators are dis-
ussed. It is shown that it is possible to stabilize optical
GM resonators using external RF references such that

he resultant absolute WGM stability approaches the RF
lock stability. Finally, it is shown that the stabilization
echnique also results in temperature measurement of
he WGM resonators with sensitivity better than the fun-
amental thermodynamic limit. The stabilization tech-
ique described in this study can be considered as one
ore step toward realization of the standard quantum

imit of frequency stability of an oscillator [66,67].

PPENDIX A: COMPENSATION OF
ECHNICAL THERMAL FLUCTUATIONS
tabilization of the WGM frequency requires controlling
he thermal response of the resonator to reduce unwanted
veraged frequency drifts. In this Appendix we describe
everal methods for such a control via passive stabiliza-
ion of the average frequency of WGMs.

. Linear Compensation
he basic goal of compensation techniques, including the

inear compensation, is in the suppression of technical
oise resulting from the temperature fluctuations of the
ntire setup. The compensation allows relaxing the re-
uirements for temperature stabilization, but does not in-
uence the fundamental thermodynamic limits of the
requency stability. An example of such a linear compen-
ation arrangement is discussed below and the corre-
ponding setup is shown in Fig. 5.

The resonator (3) is placed into the setup consisting
rom a rigid frame (1) and a spacer (2) with different ther-
al expansion coefficients. The sandwiched resonator is
ade much thinner than the frame and spacer. In this
ay, thermal expansion of the resonator does not result in
ny significant stress of the spacer and the frame, so the
tress forces in the system are determined by those parts
nly. The frame has a much larger cross section than the
pacer to generate a much stronger force than the spacer



d
c
m
p
i
t
s
s

a
d
m
d

T
T
p
t
a
e
s
s
p

2
I
p
a
c
s
a
l
f
t
t
e
s

T
l
l
p
p
n

A
W
s
t
T
(
r
u
t
a
m
s

I
t
q
d
n
F
t
t
I
b
a

c
b
s

F
W
f
g
a
i
c
t
b
u
p

F
t
c
(
t
T
e

Savchenkov et al. Vol. 24, No. 12 /December 2007 /J. Opt. Soc. Am. B 2993
uring the entire range of thermally induced expansion or
ontraction. Thus, the expansion of the spacer is deter-
ined by the expansion of the frame only. The force ap-

lied to the sandwiched disk is A2E2��2−�1��T, where A2
s the cross section of the spacer and the resonator, E2 is
he stress modulus of the spacer, �1 is the thermal expan-
ion coefficient of the frame, and �2 is the thermal expan-
ion coefficient of the spacer.

The resonator has a thermally induced frequency tun-
bility d� /dT= ��n+�l�� and stress induced tunability
� /dF. The frequency drift of the free resonator is deter-
ined by d� /dT. With applied stress the total frequency

rift is

�� = 	��n + �l�� +
d�

dF
A2E2��2 − �1���T. �A1�

he thermal frequency drift is compensated if �� /�T=0.
he values of d� /dT and d� /dF can be inferred from ex-
erimental measurements. They depend on the host ma-
erial and the shape of the resonator. The cross-section
rea of the spacer (2) and the resonator are free param-
ters here. The spacer should have, e.g., a wedgelike
hape [Fig. 5(b)] for adjusting A2. Various other compen-
ators of different shapes can be designed based on this
rinciple.

. High-Order Compensation
t is technically difficult to select parameter A2 to com-
ensate the thermal WGM frequency drift exactly. Un-
voidable errors of the mechanical manufacturing of the
ompensator elements will lead to an incomplete compen-
ation of the frequency drift. For that reason we introduce
nonlinear element (4) and the oven (5) (Fig. 6). The non-

inear element shrinks nonlinearly under stress so the
orce exposed to the sandwiched resonator depends on
emperature as A2E2��2−�1��T+A��T�2, where the fac-
or A depends on the structure and shape of the nonlinear
lement. To describe a nonlinear compensation Eq. (A1)
hould be modified as

ig. 5. (Color online) (a) Thermal compensator for an optical
GM resonator. The compensator consists of (1) a rigid metal

rame with thermal expansion coefficient �1; (2) a metal or a
lass wedge-shaped spacer with thermal expansion coefficient �2;
nd (3) a WGM resonator sandwiched between rigid spacers on
ts top and bottom. (b) Top view of the wedge part of the thermal
ompensator. The dashed zone is an effective overlap cross sec-
ion A2 of spacer (2) and resonator (3). The cross-section area can
e tuned continuously with high precision by shifting the spacer
p and down with respect to spacer position shown in the
icture.
�� = ���n + �l�� +
d�

dF
�A2E2��2 − �1� + A�T���T.

�A2�

he nonlinear frequency shift controlled by an oven al-
ows fixing the incomplete compensation inevitable in the
inear version of the compensator. The compensator can
otentially reduce the required nanoKelvin level tem-
erature stabilization accuracy by several orders of mag-
itude making it feasible.

PPENDIX B: ACTIVE STABILIZATION
e have considered methods of passive compensation–

tabilization of the resonator frequency in Appendix A. In
his Appendix we consider active stabilization methods.
he temperature of the resonator is monitored by a single

or several) thermally sensitive elements attached to the
esonator surface. The techniques considered here can be
sed for suppressing the frequency fluctuations due to
echnical, not fundamental, temperature drifts. Using the
nalogy with quartz oscillators, we propose three basic
ethods for active stabilization of the WGM frequency

hown in Fig. 7.
These methods have the following distinctive features.

n the scheme with temperature compensated resonator
he temperature of the resonator oscillates freely. The fre-
uency stability is obtained using a temperature indepen-
ent phenomena. In the scheme of oven-controlled reso-
ator the temperature of the whole system is stabilized.
inally, in the scheme involving microprocessor stabiliza-

ion the frequency of the WGMs is tuned using an addi-
ional resonator, and the WGM resonator is not disturbed.
t is clear that a combination of the techniques can give
etter frequency stability as compared with the results
chieved with each particular method.
The basic disadvantage of the stabilization methods

onsidered above is in the relatively low temperature sta-
ility of the reference included into the temperature mea-
urement device. The whole system should be tempera-

ig. 6. (Color online) Nonlinear thermal compensator for an op-
ical WGM resonator. An enhanced temperature compensation
ompared with the compensation realized in the linear device
Fig. 5) is achieved by shifting of the working point towards both
he first- and the second-order compensation temperature region.
he temperature tuning is realized with heater (5). The nonlin-
arity is introduced by nonlinear element (4).
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ure compensated by itself to reach the required
anoKelvin/second stability. Reaching such a stability is
ot that difficult and has been realized in many laborato-
ies. However it is not so practical for general applications
ecause it requires a good thermal isolation as well as
igh precision temperature sensors. Materials such as
agnesium fluoride allow creating better stabilization

ystems as discussed in Appendix C.

PPENDIX C: DUAL-MODE STABILIZATION
he dual-mode stabilization is an example of the active
tabilization technique. The basic idea of the dual-mode
requency stabilization is to measure the temperature of
he resonator using the resonator modes themselves,
ithout use of an external temperature sensor. Frequency
ifference between two WGMs having different thermore-
ractive coefficient should be compared with relatively
table RF frequency and the resultant signal should be
sed for both temperature measurement and temperature
ompensation. The temperature measurement is also pos-
ible if one uses two optical WGMs separated by an oc-
ave. An advantage of the dual-mode stabilization tech-
ique is its ability to monitor the temperature of the
aterial inside the WGM channel. External sensors show

ocal temperatures and are unable to get such informa-
ion. The technique cannot generally be efficient applied
o the thermal expansion noise, so it should be integrated
ith another similar stabilization technique that involves

he three modes discussed in Section 3 of the paper.

. RF Frequency Referenced Technique

. Thermorefractive Noise
he method of stabilization is applicable to a WGM reso-
ator made of a birefringent medium. The resonator is in-
errogated with coherent light polarized 45° with respect
o the polarization of both the ordinary and extraordinary
odes of the resonator. The light is modulated by a tun-

ble RF source. The horizontally polarized component of
he light is fed into an ordinarily polarized WGM. The
arrier frequency of the laser is locked at the center of the
ode. A sideband of the modulated light is fed into and

ocked to an arbitrary selected extraordinarily polarized

ig. 7. (Color online) (a) Temperature compensated WGM reson
oom temperature. The output signal from a temperature senso
ressure actuator. The output signal can also be transferred to
ade of quartz or other electro-optic material). (b) Oven controlled

omponents are in a temperature stabilized oven that is kept at a
emperature d� /dT=0 (temperature feedback). (c) Microprocesso
easured and inserted into a smart optical element (low-Q reson

lement should memorize the dependence of the WGM frequency
ode. It is possible to use two independent lasers locked
o two differently polarized modes instead of the single la-
er and the modulator. The modulation frequency (or the
eating frequency of the two lasers) becomes a measure of
he frequency difference between the ordinarily and ex-
raordinarily polarized modes. Change of the temperature
Tm in the WGM channel results in frequency shift ��RF
f the RF frequency by

��RF1 = ���no − �ne��Tm, �C1�

here � is the optical frequency, and �no ��ne� is the ther-
orefractive coefficient for ordinarily (extraordinarily)

olarized light.
Let us estimate the frequency shifts for a z-cut magne-

ium fluoride resonator interrogated with 1.55 �m light
�=1.2�1015 rad/s�, and assume that the resonator is
ept at 74°C, when �ne=0 and �no�4�10−7 K−1. We find
�RF1/2�=80�Tm MHz. Monitoring the RF frequency
ith a modest accuracy of �1 kHz per 1 s and subse-
uently actively stabilizing the temperature results in a
ignificant (better than one part per 10−14 per 1 s integra-
ion time) suppression of the thermorefractive frequency
uctuations for the TE mode. The monitoring is simple
ecause the spectral width of WGMs should not exceed
everal kilohertz for Q�1010 (no mode overlap). There-
ore, dual-mode frequency stabilization results in a sig-
ificant suppression of the photorefractive frequency
oise.
The measurement accuracy of the temperature devia-

ion inside the WGM channel can be very high. A simple
ocking technique is capable of determining the center of
he line of a WGM with much better precision than the
idth of the resonance. For instance, a laser locked to a

everal kilohertz linewidth WGM can have frequency de-
iation relatively to the WGM less than 0.1 Hz per 1 s in-
egration time. A good quartz oscillator can have 1 MHz
arrier frequency with Allan variance of 10−7 at 1 s inte-
ration time. The measurement of ��RF1 using the laser
nd the oscillator gives an ability to monitor the mode
hannel temperature fluctuations with an accuracy ex-
eeding 1 nK at 1 s integration time.

The accuracy is limited by the incomplete mode overlap
nd cross-phase modulation noise. An incomplete mode
verlap results in somewhat uncorrelated temperature

he overall temperature of the resonator is kept higher than the
an internal temperature reference is used to feed forward to a
ge signal that changes the WGM frequency (if the resonator is
resonator. The WGM resonator and other temperature sensitive

rature where the WGM frequency has zero slope versus the oven
ensated WGM resonator. Temperature of the WGM resonator is

hat compensates for the frequency shift of the WGM. The optical
e temperature.
ator. T
r with
a volta

WGM
tempe
r comp
ator) t
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uctuations for the TE and TM WGMs. This effect is not
mportant if the measurement occurs in the vicinity of the
oint of zero thermal refractivity for any of the modes.
he measurement primarily gives information about the
emperature within the channel of the mode with nonzero
hermorefractive coefficient. The effect of the cross-phase
odulation is of the same order of magnitude as the effect

f self-phase modulation, which is negligibly small [38].

. Thermal Expansion Noise
hermal expansion results in nearly identical drift of
oth TE and TM modes. The relative drifts of the optical
requency as well as the frequency separation between
wo modes are identical. The overall expansion of the
esonator due to a change of the averaged temperature
�TR� results in a frequency shift between any two WGMs
eparated by frequency �RF given by

��RF2 � �RF�l�TR. �C2�

t is easy to find that ��RF2/2��10�TR for a z-cut mag-
esium fluoride resonator with �RF/2�=1 MHz. This
rift is small compared with the thermorefractive drift
�RF1. It is very difficult to compensate for the random

hermal expansion using information on TE–TM fre-
uency detuning.
The thermal expansion fluctuations can be suppressed

y increasing the thermal conductivity of the setup. Un-
ortunately the thermal expansion related noise is elimi-
ated only if the thermal conductivity becomes infinitely

arge. The more conventional way is to compensate for the
andom deviation of the optical frequency using error sig-
al generated by two optical modes with substantially dif-
erent thermal expansion coefficients, similar to the dual-
ode technique described above. This approach is

escribed in Section 3.
The geometrical approach of compensation for linear

xpansion is rather labor consuming. An advantage of us-
ng WGM resonators for frequency stabilization is the
bility to manufacture the resonators practically out of
ny optically transparent crystal. Novel materials of zero
hermal expansion can provide a much simpler conven-
ional dual-mode technique of frequency stabilization. It
s known that there are crystals with negative and zero
hermal expansion at some specific temperature [68–70].
oping changes the properties of these crystals. Hence, it

s not impossible to create an optically transparent crys-
al with zero thermal expansion at room temperature. Ap-
lication of the stabilization technique discussed above
ill result in the creation of a WGM resonator possessing
n extremely high-frequency stability.
In principle, the dual-mode technique allows for fre-

uency stabilization better than the thermodynamic fre-
uency limit for the both thermorefractive and thermal
xpansion fluctuations. This is possible in a ring resona-
or made of a thin crystalline wire where the WGM vol-
me coincides with the volume of the resonator. However,
echnical implementation of such a resonator is problem-
tic.

. Technique Based on Frequency Doubling
his technique can be used for stabilization of the tem-
erature inside the WGM channel for resonators made
ut of symmetric materials. Here modes with different po-
arizations and the same frequency have the same ther-

orefractive coefficient �n, but the coefficient itself is
requency dependent. Consider a WGM resonator inter-
cting with bichromatic light having frequency � and
�RF+2�. A laser with carrier frequency � is locked to a
ode. Then the second-harmonic light is produced by fre-

uency doubling in a nonlinear crystal and it is subse-
uently frequency shifted with an acousto-optical modu-
ator. The frequency shift ��RF is locked to another WGM
nd is compared with a RF reference. The value of ��RF
uctuates due to thermorefractive effect. The fluctuation

s described by

��̃RF1 = 2���n��� − �n�2����Tm, �C3�

nd can be used for measurement of Tm. Because the rela-
ive accuracy of measurement of ��̃RF1 can easily reach
he subhertz level, the relative frequency of the two

GMs separated by an octave can be stabilized better
han one part per 10−14 per 1 s integration time.
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